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LATTICES IN THE COHOMOLOGY OF C/(3) ARITHMETIC 

MANIFOLDS 

DANIEL LE 


Abstract. Under hypotheses required for the Taylor-Wiles method, we prove 
for forms of U (3) which are compact at infinity that the lattice structure on up¬ 
per alcove algebraic vectors or on principal series types given by the A-isotypic 
part of completed cohomology is a local invariant of the Galois representation 
attached to A when this Galois representation is residually irreducible locally 
at places dividing p. We combine Hecke theory and weight cycling with the 
Taylor-Wiles method to establish crucial mod p multiplicity one results for 
upper alcove algebraic vectors and principal series types. 


1. Introduction 


We establish, to our knowledge, the hrst local-global compatibility result in the 
p-adic Langlands program for a group of semisimple rank greater than one. Recall 
classical local-global compatibility: if an automorphic representation 11 = (8)(,7r„ 
corresponds to a p-adic n-dimensional Galois representation p via the cohomology 
of a unitary Shimura variety, then 7r„ is obtained via the local Langlands correspon¬ 
dence from the Weil-Deligne representation attached to p|_d„, which is independent 
of the Hodge filtration for v\p. Let Vy be the algebraic representation correspond¬ 
ing to the Hodge-Tate weights of p|_d„- The p-adic Langlands correspondence for 
GL 2 (Qp) l |GolinirPasl3] l suggests the following question. 

Question 1.0.1. Is there a natural GL„(F„)-invariant norm on TTy 0 Vy which 
corresponds to the Hodge filtration for p|d„? 

Gompleted cohomology gives iTy 0 Vy an integral structure, and hence also a 
GL„(Qp)-invariant norm, which is of an a priori global nature. The following naive 
question extrapolates fromp-adic local-global compatibility for GL 2 (Q) l |EmeIlj l. 

Question 1.0.2. Does this integral structure depend only on p|_d„? 

The following is the GLs-analogue of Breuil’s GL 2 -conjecture (Gonjecture 1.2 of 
[Bre] '). Suppose that n = 3 and p splits completely in F, the GM held over which 
the unitary group splits. Let C be the A-type corresponding to WD(p|d^). 


Conjecture 1.0.3. The lattice structure on Ty0Vy given by completed cohomology 
depends only on p\d^- 


The following is the main theorem (see Theorems 6.1.4 and 6.2.5 for more details). 


Theorem 1.0.4. Suppose that p\d^ is irreducible for all places v\p. Suppose further 
that p|_D„ is crystalline with Hodge-Tate weights in the upper alcove or potentially 
crystalline of principal series type of Hodge-Tate weight (0,1,2). Under mild hy¬ 
potheses necessary for the Taylor-Wiles method and weight elimination, Conjecture 


1.0.3 is true. In fact, the lattice can he described explicitly in terms of p\u„ 
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Remark 1.0.5. If the highest weight of 14 is not in the lower alcove, then like a 
principal series type t„, 14 is residually reducible, and so has different possible 
lattices up to homothety. Furthermore, for n > 3, 14 and have Jordan-Holder 
factors that do not lift to characteristic zero. If cr is a weight that does not lift to 
characteristic zero, modularity of weight a has to our knowledge no known Galois 
theoretic interpretation. 


1.1. Detailed summary of results. Let F be a CM field with totally real subfield 
F+ and assume that F/F'^ is unramified at all finite places. Suppose that p ^ 2 
splits completely in F. Let F be a finite extension of Qp with ring of integers Oe, 
uniformizer zue, and residue held kE- Let p : Gp GL 3 (C)£;) be a continuous 
Galois representation that is crystalline at all places v\p with Hodge-Tate weights 
{cv +P+ 1, +1, a„ —p + 1) or potentially crystalline of Hodge-Tate weights (0,1, 2) 

and principal series type 77 “” 0 77 ^” 0 where rj is the Teichmuller character. 
Furthermore suppose that p is ramihed only at places that split in F/F+. 

Let A C T be the Hecke eigensystem attached to p. Here T is the spherical 
Hecke algebra over Oe sX places of F+ where p is unramihed. For each place v of 
F+ that splits in F, choose a place v\v of F and an isomorphism Fy = F+. For 
each place w of F, let C be a lattice in the type corresponding to p|gj 7 „ by 
results towards the inertial local Langlands correspondence (see Proposition 6.5.3 of 
[BC09| L Note that is trivial for all but hnitely many places w, and in particular 
at all inert places. 

Gonsider a form of U{3) over F+ that splits over F, is quasisplit at all hnite 
places, and is compact at inhnity. Let be the completed cohomology with 
OB-coefhcients of the associated Shimura variety and assume that F°[A] ^ 0 (see 
Section 4.1.2 for more details). Let 

TT = HomKp(®4pr5,F°[A])) 


where Rp C GL 3 (A^°°) is a hyperspecial compact open subgroup away from poo. 
Then 

® ^ Homp[^|^GL3(o^+)(GpbK 0 r„,7r[p“^]) 

is one-dimensional over F by Theorems 5.4 and 5.9 of ILabllj . where 14 is the alge¬ 
braic representation of GL 3 (F+) = GL 3 (Qp) of highest weight {cy +p — 1 , by, ay — 
p 0 1) in the crystalline case or trivial in the potentially crystalline case. One might 
hope that tt depends only on p|gf- fo'' The following theorem (see Theorems 


6.1.4 and 6.2.5 for more precise statements) provides evidence of this. 


Theorem 1.1.1. Suppose that p is a modular Galois representation which is crys¬ 
talline at allplacesv\p of Hodge-Tate weights {cy-\-p—l,by,ay—p-\-l) or potentially 
crystalline of Hodge-Tate weights (0,1,2) and type 77 “’' 0 77 ^” 0 77 '^”. Suppose that 
p satisfies the Taylor- Wiles conditions, the product of the deformation spaces away 
from p with the types of p is regular, plci?.. is irreducible for places v\p, and that 
Oy — by > 6, by — Cy > 6, ond Oy — Cy < p — 5. Thcn the isomorphism class of the 
lattice {®vVv 0 r„ 0Qp F) n tt C 0„14 0 Ty depends only on p\gp.. for places v\p 
of F+ in an explicit way. 


To prove this theorem, we introduce a new technique of combining representation 
theory and Hecke operators with the Taylor-Wiles method. Modifications of the 
Taylor-Wiles patching method |TW95] are well suited for this result and play a 
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large role in its proof. Kisin’s local-global modification f |Kis09) i provides a natural 
setting to compare the local and global Langlands correspondences integrally. And 
the modification in [CEG^ld] allows one to use Hecke theory and weight cycling 
as in |EGH13| to study lattices. We take the geometric perspective of |EG14] and 
[EGS13] and prove the theorem in families where one can use that patched modules 
are Cohen-Macaulay. As a crucial ingredient, we prove (see Theorems 5.3.1 and 


5.3.6) that Taylor-Wiles patched modules for (dual) Weyl modules of upper alcove 
weight and principal series types are cyclic, an analogue of modulo p multiplicity 
one (as in |Dia97p . 


1.2. Acknowledgments. We thank Matthew Emerton for numerous conversa¬ 
tions about patching and the p-adic Langlands program. We thank Florian Herzig 
for correspondence regarding Proposition |2.2.2| We thank Christophe Breuil for 
sharing a note about lattice conjectures for GL 3 (Qp) which in addition to |Brej in- 
spi red this pa per. This paper also owes a debt to ideas (some unpublished and some 
in [GEG~*~14 ) of Ana Caraiani, Matthew Emerton, Toby Gee, David Geraghty, Vy- 
tautas Paskunas, and Sug Woo Shin, and the ideas and results of Matthew Emerton, 
Toby Gee, Florian Herzig, and David Savitt, and it is a pleasure to acknowledge 
this. We thank Matthew Emerton, Toby Gee, Florian Herzig, and Bao V. Le Hung 
for comments on previous drafts of this paper. 


1.3. Notation. For a field k, Gk denotes the absolute Galois group of k. We denote 
the cyclotomic character by e. Hodge-Tate weights are normalized so that e has 
weight —1. We use F+ C F to denote the maximal totally real subfield in a GM 
field. The quadratic character of F/F+ will be denoted by 6f/f+- The letter v is 
used to denote places of F+ while the letter w is used to denote places of F. We 
use E to denote a finite extension of Qp with ring of integers Oe, uniformizer we, 
and residue held 

Compact induction is denoted ind^, while usual induction is denoted Ind^. 
The symbols F and are used to denote the Pontriagin dual and Schikhof dual, 
respectively (see Section 1.5 of [CEG~*~14] 'l. The symbol •* is used to denote the 
contragredient of a representation. 

We label the elements of as e = (), si = (12), S 2 = (23), ri = (132), 
r 2 = (123), and Sq = (13). The ordered pair (*, j) denotes a permutation of the 
ordered pair (1,2). For f G A*(T), let W{f) be the Zp-points of the algebraic 
GLa-representation Indg sqf. Let W{f) be the reduction of W{f) modulo p, and 
let F{f) be the (irreducible) socle of W{f). Every (absolutely) irreducible repre¬ 
sentation is isomorphic to F{v) for some v, and the representations F(fi) and F{f) 
are isomorphic if and only if p = f (mod p — 1) (see Theorem 4.6 of |Her06| L The 
representations F{f) are called (Serre) weights (of GL 3 (Fp)). 

The triple (a, b, c) with a > b > c will be used to denote the highest weight of an 
algebraic representation of GL 3 (Fp). We will assume throughout that a — c < p — 1. 
In Section we assume that a — b > 6, 6—c>6, and a — c < p — 5 (the strong 
genericity hypothesis of [EGH13) 1 to apply Theorem 7.5.5 of |EGH13j . 

By Theorem 2.8 and Section 4 of |And87| . we have the following results. Note 
that |And87| describes SL 3 (Fp)-representations, but the proofs carry over verbatim 
to the GL 3 (Fp)-setting. If a and a' are weights, then 

dimpp ExtGL3(Fp)(f^'> O') = dimp^ ExtGL3(p^) (ct, cr') < 1 . 
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If F{x, y, z) is a weight, let £{x, y, z) be the set of triples (a, b, c) such that 

ExtGL3(Fp)(^(a;,?/, 2:), ^(a,^c)) ^ 0. 

Let X > y > z he integers such that x — z < p — 2. Note that {x,y,z) is a 
lower alcove weight for GL3 in the sense of the paragraph following Corollary 4.8 
of |Her06) . Then 

£{x,y,z) ■={{y+p - l,x,z),{x,z,y-p+l), {z + p - 2,y,x - p + 2), 

{x + l,z-l,y-p+l),{y+p-l,x + l,z-l),{x,z-l,y-p + 2), 
(y+p-2,x + l,z)}. 

Moreover, ExtQL/f,)(cr', cr) = 0 if both a and cr' are upper alcove weights. In 
Sections |3.2| and |5.1[ Wi and IT2 are chosen to be certain nonsplit extensions of 
weights, for example W{v) for v an upper alcove weight. 

2. Lattices in locally algebraic representations 

In this section, we classify lattices in upper alcove algebraic representations and 
principal series types and the maps between them. 

2.1. Lattices in algebraic vectors. We define two natural integral structures 
on upper alcove algebraic vectors. We follow the notation of Section 3 of [Her 09]. 
Let G = GL3 and B and T the algebraic subgroups over Z of upper triangular 
and diagonal matrices, respectively. Let K be G(Zp) and Ki be the kernel of the 
reduction map G(Zp) ^ G(Fp). For v G X*(T), let W(p) be the Zp-points of the 
algebraic G-representation Indg Sqp where Sq is the longest Weyl element. 

Fix a > b > c integers such that a — c < p. Note that (a — 1,6, c + 1) is a 
lower alcove weight for GL 3 in the sense of the paragraph following Corollary 4.8 
of [HerOB] . Let p = {c + p— l,b,a — p + 1). Let W = W{v) and = W{—sqv)*. 
By Serre duality for G/B (see (8) of Chapter 11.4 of |Jan03p . = R^IndB(p — 
2p)(Zp), where •* denotes the contragredient representation. 

Let V = IF[p“^] = Indg Sop(Qp). By the Borel-Weil-Bott theorem, V = 
R^IndB(p — 2p)(Qp) = W'^[p~^] (see 11.5.3 of |,Ian03j L However, the Borel-Weil- 
Bott theorem does not hold integrally, as one sees in the following proposition. Let 
W and W be the reductions modulo p oiW and IF°, respectively. Note that Ki 
acts trivially on W and W . 

Proposition 2.1.1. There are nonsplit exact sequences 

0 —>■ F{c + p— 1, 6, a — p -I- 1) W —> F{a — 1, 6, c -I- 1) —)• 0 

and 

0 — F{a — 1, 6 , c -I- 1) —>■ W° —>■ F{c + p — l,b,a — p + 1) ^ 0 

where F{a— 1, 6 , c+ 1) and F(c+p— 1, b,a — p+l) are irreducible GL-iiYp)-modules 
defined as in Section 4 of [HerOB] . 

Proof. The first exact sequence follows from Proposition 4.9 of [HerOB] . The non- 
splitness follows from Theorem 4.1 of [HerOB] . The second nonsplit exact sequence 
follows from the same propositions and duality, where we use that the dual of 
F{x,y,z) is F{-z,-y,-x). □ 
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Let a' be F{c + p — l,b,a — p + 1) and a be F{a — l,b,c+ 1). Fix an injection 
i : ^ W that is nonzero modulo p and let F : W ^ be the unique map 

that is nonzero modulo p such that io is a power of p. 

Proposition 2.1.2. The composition i o is p. 

Proof. See 11.8.15 (3) and (4) and II.8.16 of |Jan03) . where the context is modulo 
p, but the proofs work integrally. □ 

2.2. Lattices in principal series types. In this section, we classify lattices in 
generic principal series types which are residually multiplicity free. 


2.2.1. Integral structure on principal series types. We begin by defining natural 
integral structures on principal series. Let I C K he the inverse image of B (Fp) C 
G(Fp) under the reduction map, and let /i C J be the inverse image of the maximal 
unipotent p-subgroup of B(Fp). 

Let T] : Fp —>■ be the Teichmuller character. For integers a, b, and c, we 

consider the character y = 77 “ 0 77 ^ 0 of (F^ )^, which we view as a character 
of I by inflation via the map / —)■ I/Ii ^ (F^)^. Let y® be the character with 
factors permuted by s S 83 . Let e be the identity, sq = (13), t-i = (132), r 2 = (123), 
Si = (12), and S 2 = (23). Then for example x''^ = rf’®r]'^®ri°‘ and y’’^ = 

For each s S consider the iF-representation r® = indf^ y® over Zp. The 
representations r® are lattices in the principal series types T®( 8 )Zp Qp. For s, s' S 8 ^, 
the intertwiner t®,^ : ind]^ X* ^ indf y® from the classical representation theory 
of GL 3 (Fp) is nonzero modulop and induces isomorphisms r® ®( 8 )ZpQp ^ T®(g)ZpQp. 

Let u® € indf^ y® be the function supported on I defined by extending y® by 0. 
By Frobenius reciprocity, the intertwiner i®,^ is determined by the image of u® ®. 
Identify 83 with the group of permutation matrices in GL 3 . Then the intertwiner 
is given by 

(2.2.1) E 


which is easily checked to be nonzero modulo p. Let £ denote the length function 
on 83 . Now suppose that a > b > c with a — c < p — 2. 


Proposition 2.2.1. The composition ® o 


ind]^ y® indf^ y® ® ® is 


Proof. A more general result can be obtained from a combination of Propositions 
3.6 and 3.10 of [GL76) . We provide a short summary. Let the ordered pair {i,j) be 
a permutation of (1,2). By induction, it suffices to show that o = t®^®”® 
and 7 ®'®*® o i®'"* = p. 

Note that Ugg/^/(s'/js'-in 7 i)Ps'/i = hs'Ii. To prove that ° = i*^®**, 

it suffices to show that the convolution of l/isj/i and 1/iSi/i is Since 

hsjsJi C IiSjli ■ hsJi, we have that * ’^hsih- As ffliSjsJi = 

ffliSih/Ii ■ #/iSg/i//i, and * l/isi/i have the same integrals for 

any Haar measure. We conclude that they are equal. That tg’s’® o 7 ®‘® = p follows 
from Lemme 2.2 of [Bre] . □ 
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2.2.2. Submodule structure of principal series types. Let r = r® (8)Zp Qp- Now 
suppose that a > b > c with a — c < p — 2, so that in particular r is absolutely 
irreducible. Florian Herzig provided the argument for the following proposition, 
which describes the submodule structure of T'^. 

Proposition 2.2.2. The socle and cosocle filtrations ofr^ agree and have associ¬ 
ated graded pieces 


F{a,b, c) 


F{a,c,b — p ® F{b p — l,a,c) 

F{c + p — l,a,b) (B F{b — 1, c, a — p + 2) 0 F{a — 1, 6, c 0 1) 
©F(c 0 p — 2, a, 6 0 1) © F{b, c, a — p 0 1) 


F(c0p— 1,6, a — p0 1), 

where any number of bottom rows are the graded pieces of a submodule. Further¬ 


more, all nontrivial extensions that can occur do occur (see Section 1.3). The same 


statement is true for except that the order of the rows is reversed. In particular, 
t'* is residually multiplicity free for all s G S 3 . 


Proof. A proof is sketched in Section 8 of |CL76| in the case of SL 3 (Fp). This proof 
works without modification for GL 3 (Fp) as described below. 

As a, 6, and c are distinct mod p— 1, the Jordan-Holder factors of r® are distinct 
by Theorems 4.1 and 5.1 of |Her06| . Using Frobenius reciprocity and Lemma 2.3 
of [Herllaj . the socle and cosocle of are F(c0p—1,6, a — p0l) and F{a, 6, c), 
respectively. Hence, F(c0p—1, 6, a—p0l) and F{a, 6, c) are pieces of the associated 
graded for both the socle and cosocle filtrations. Satz 4.4 of |Jan84) gives a filtration 
with associated graded pieces as described above arising from the intertwiners 
(see also the last lemma of Section 2 and Section 5.2 of [,lan84| and Section 8 of 
[CL76) i. We conclude that the socle and cosocle filtrations have length 3 or 4. It 
remains to show that the socle and cosocle filtrations have length 4, to describe the 
associated graded pieces, and show that all nontrivial extensions that can occur 
between the inner layers do occur. 

Let = {(ss:)}’^^ = {(in)} C GL3(Fp). Consider F(6 0 

p — l,a) © F{c) C T^, which has Jordan Holder factors F(6 0p — l,a, c),F(6 — 
1, c, a — p 0 2),F{a — 1, 6, c 0 1), F(c 0p — 2, a, 6 0 1), F(6, c, a — p 0 1), and F{c + 
p — 1,6, a — p 0 1) by Lemma 6.1.1 of |EGH13| . Again using Frobenius reciprocity 
and Lemma 2.3 of |Herlla) . Indp^'"^^^®’^(F( 60 p— 1, a) ©F(c)) has socle and cosocle 
F(c0p— 1, a, 6 —p01) and F( 60 p— 1, a, c), respectively. This shows that the socle 
and cosocle filtrations of r must have length 4 and further that F( 60 p— 1, a, c) is in 
the second layer and F{b— l,c,a—p02),F(a—1,6,c0l),F(c0p—2,a, 60 l), and 
F(b, c, a — p 0 1) are in the third with all possible nontrivial extensions occuring. 

Similarly examining Indp^ ^ F{a)iSi F{c, 6 —p01) shows that F{a, c, 6 —p01) 
is in the second layer and F'(c0p— 1, a, 6) is in the third. Furthermore, all nontrivial 
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extensions of F{a, c, b — p + 1) occur. The statement for is obtained similarly 
or by duality. That r® is residually multiplicity free follows from the fact that the 
Jordan-Holder factors listed are distinct by Theorem 4.1 of [Her06| . □ 

For s G S 3 , let s{a,b,c) be a p-restricted (see Definition 4.2 of |Her06 ] ) ordered 
triple congruent mod p — 1 to the s-permutation of (a, b, c). 

Proposition 2.2.3. The lattices r'* are the unique lattices up to homothety with 
cosocle F(s{a,b,c)). The map : r® —^ r® is the unique up to scalar map which 
is nonzero modulo p. 

Proof. Since r® is residually multiplicity free by Proposition |2 .2 uniqueness fol¬ 
lows from Lemma 4.1.1 of |EGS13) . The second statement follows similarly. □ 

Having described the lattices in r with cosocle F{s{a, b, c)), let r^, and C t 
be the unique lattices up to homothety with cosocle F{b—1, c, a—p+2),F{a—l, b, c+ 
1), and F{c + p — 2,a,b + 1), respectively. It remains to describe the submodule 
structure of r^, r^, and r^. 

Proposition 2.2.4. (1) The socle and cosocle filtrations ofr^ agree and have 

associated graded pieces 


F{b — l,c,a — p + 2) 

F{b + p — l,a,c) ® F{a,c,b — p 1) (B F{c + p — l,b,a — p + 1) 


( 2 ) 


F{a, b, c) (B F {b, c, a — p -\-1) (B F{c + p— 1, a, &) 

©F(c -I- p — 2, a, 6 -|- 1) © F{a — l,b,c+ 1). 

The socle and cosocle filtrations of agree and have associated graded 
pieces 


F{a — 1, 6, c + 1) 

F{b + p — l,a,c) (B F{a,c,b — p + 1) (B F{c + p — l,b,a — p + 1) 


F{a, 6, c) © F(6, c, a — p + 1) © F{c + p — 1, a, &) 

©F(c + p — 2, a, 6 + 1) © F{h — 1, c, a — p + 2). 

(3) The socle and cosocle filtrations of agree and have associated graded 
pieces 


F{c + p— 2,a,b+ 1) 


F{b + p — l,a,c) (B F{a,c,b — p + 1) (B F{c + p — l,b,a — p + 1) 
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F(a, 6 , c) 0 F( 6 , c, a — p + 1) 0 F{c + p— 1, a, &) 

0 F (6 — 1, c, a — p 0 2) 0 F{a — 1, 6 , c 0 1). 

Again, any number of bottom rows are the graded pieces of a submodule. Moreover, 
all nontrivial extensions that can occur do occur (see Section 1.3). 


Proof. We will prove the proposition for t^, the other cases being similar. The 
weight F{b — l,c, a — p + 2) is in the first layer for both filtrations by construction. 
Recall that in the proof of Lemma 4.1.1 of |EGS13| . C can be taken to be 
the inverse image of the minimal submodule of containing F{b — 1, c, a — p 0 2) 
as a Jordan-Holder factor. Proposition 2.2.2 shows that F{a,c,b — p 0 1) and 


F{b 0 p — 1, a, c) are in the second layer of the cosocle filtration of r^. Similarly, 
looking at the inclusion C , we see that 0(c 0 p — 1,5, a — p 0 1) is also in 
the second layer of the cosocle filtration of t^. In fact, F{a, c, 6 — p 0 1) 0 F{b 0 
p — 1, a, c) 0 F{c 0 p — 1, 6 , a — p 0 1) is the second layer of the cosocle filtration 
since these weights are the only Jordan-Holder factors of that nontrivially extend 


F{b — 1, c, a — p 0 2) (see Section 1.3). 

The other five weights are all in the third layer of the cosocle filtration since 


there are no nontrivial extensions between them (see Section 1.3). We now show 


that all possible nontrivial extensions between the bottom two rows occur. Since 
the map —)■ has image with Jordan-Holder factors F{b — l,c, a — p 0 2), 
F{a, c , 6 — p 0 1), F{c 0 p — 1, 6 , a — p 0 1), and F{c + p — 1, a, &) by Proposition 
2.2.2 these are the Jordan-Holder factors of the cokernel of —>■ r^, the nonzero 
reduction of an inclusion ^ t^. Hence all possible nontrivial extensions of 
F{b + p—l,a,c) occur in since they occur in im(r®"^ 


t 1 


) by Proposition 


2 . 2.2 


All other nontrivial extensions are established analogously. From this we see that 
the cosocle and socle filtrations agree. □ 


We now use Proposition 2.2.4 to complete the classification of maps between 
lattices. For i = 1, 2, 3, s G S' 3 , let tf : r* —>■ r® be fixed inclusions of lattices that 
are nonzero modulo p. For i and j in the set {1,2,3} with i < j, let vl : t* —>■ r-l be 
fixed inclusions of lattices that are nonzero modulo p. These inclusions are unique 
up to unit scalar by Lemma 4.1.1 of |FGS13j . Let : r® —>• r* and —>■ r® 

be the unique inclusions of lattices that are nonzero modulo p such that 6} o i® and 
o are powers of p. 

Proposition 2.2.5. The compositions of inclusions of lattices are given as follows: 

( 1 ) l]olI = p 2 ; 

(2) if s = e,ri, or r 2 , then il o = p^; 

(3) and if s = si, S 2 , or sq , then i® o i® = p. 


2 . 2.2 


and 


2.2.4 


we have t®° 
* 1 


Proof. We begi n with (1). We use the symbol 
By Propositions 
and 4 - 4^ o t®<: 
by Proposition 


to denote equality up to a unit. 


2 . 2.1 


/ r> /* 

/®i ^ 
''So 

' °^so- 4 ^ 




~ ° 41 ° C 



and so d o 4 = p^. 


For (2), by symmetry we can assume without loss of generality that s = e. From 


Propositions 
F o o i 


2 . 2.2 


o i 


and 

So 


2.2.4 


/ r> / 
Go “ '• 


we see that t® 

=p 3 Proposition 2.2.1 


^so ° 4° a nd 4 ^ 


L" o 6 ‘ . Hence 

L *0 
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For (3), by s ymme try we can assume without loss of generality that s = sq- 
By Proposition 2.2.4 the image of the composition o is zero modulo p, 
and hence a positive power of p times up to a unit. Then by substitution, 

We conclude 

□ 


that 


o iZ 


= o o is a positive power of p times o 


° ‘-so = P- 


2.3. Lattices via Morita theory. In this subsection, we use Morita theory to 
explicitly describe the moduli of lattices in iF-representations. The idea to use 
Morita theory to describe the moduli of lattices was suggested by David Helm (see 
Section 1.6 of |EGS13| 1 and carried out in |CEGS14] . 


2.3.1. The abelian category generated by lattices. Let r be a continuous irreducible 
(finite dimensional) /^-representation over Qp, which is residually multiplicity free. 
Let C be the category of all finitely generated Zp-modules with a iF-action which are 
isomorphic to subquotients of Zp-lattices in r®" for some n S N. The irreducible 
objects of C are a where cr is a Jordan-Holder factor of r. Let C r be a lattice 
(unique up to homothety by Lemma 4.1.1 of |EGS13| 1 with cosocle a. 

Proposition 2.3.1. The lattices Ta are projective. 

Proof. We show that satisfies the lifting property. Let M ^ N he a surjection 
in C. We wish to lift a map —)■ to a map —>■ M. By replacing N by the 
image of in N and M by the inverse image in M, we assume without loss of 
generality that surjects onto N. By replacing M by a lattice that surjects onto 
it, we can assume without loss of generality that M is p-torsion free. We can and 
do replace M by a minimal submodule of M that surjects onto N. 

Since N has cosocle isomorphic to a, the cosocle of M contains a. By minimality, 
the cosocle of M must be isomorphic to a. In particular, M is generated by one 
element, so that M (8)Zp Qp is isomorphic to r. By Lemma 4.1.1 of |EGS13| . To- and 
M are isomorphic. Since To- is generated by one element, the surjection ^ N 
is unique up to multiplication by an element of Zp . We conclude that there is an 
isomorphism To- = M that lifts ^ N. □ 


Let V = ©o-Tg. where a runs over the distinct Jordan-Holder factors of r. Let 
f = Endif(P). 

Proposition 2.3.2. The functor M Hom/f('P,M) gives an equivalence of cat¬ 
egories C f.g. -modules. 


Proof. By proposition mil V is projective generator of the category C. The 
equivalence follows from Morita theory with quasi-inverse given by (•) Gfop V. □ 


2.3.2. Moduli of lattices in algebraic vectors. Let := Endi<-(1F° 0 W). Using 
Proposition |2.1.2] it is easy to calculate that there is an isomorphism 


^alg y; 


Zp pZp \ 

Zp Zp y ’ 


where (Jo) and (J i ) restrict to the identity on and W, respectively, and (j] g) 
and (i o) correspond to and *, respectively. 
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We now describe the moduli space of lattices in V (with rigidihcations). Let M 
be the functor which takes a Zp-algebra R to the set 

{{'Pr,4>i,4’2)\'Pr is a free i?-module with an f‘‘^S-action, 

{10)Vr,^2:R^ 

We consider £^’^*®-modules rather than £‘^*®’°P-modules because of the variance of 
the patching construction in Section]^ 

Proposition 2.3.3. The functor A4 is represented by the ring Zp[x,y]/{xy — p) 
where x i-A ° ( q g) o V'2 and y i-D- o (? g) otpi. 

Proof. Let A = Zp[x, y]/{xy—p). Then we define Va to be where —>■ M 2 {A) 

is given by 

(oS)^(S§) 

(1 o) (° o) 

The triple (Pa, idA, idA) is universal since V'l ® V '2 : (P^, id_R, id^) —>■ {Vr, 'ipi,'ip 2 ) is 
an isomorphism. Here the £’’^*S-action of R^ is given by the map A^ R described 
in the statement of the proposition. □ 

3. Hecke algebras 

In this section, we describe integral Hecke operators for some locally algebraic 
types, which play a key role in determining lattice structures in cohomology. We 
also relate these Hecke operators to classical Tp and Up Hecke operators. 

3.1. Hecke algebras for split reductive groups. We describe integral Hecke 
algebras for representations of the Zp-points of split reductive groups. Let G be a 
split reductive group over Zp, B a Borel subgroup, and T a maximal torus. Let 
X*(T) denote the group of cocharacters of T. Let K = G(Zp) be a maximal 
compact open hyperspecial subgroup of G = G(Qp) and 

=ker(G(Zp)^G(Fp)). 

Let W, Wi, and W 2 be if-representations over Zp. Define the Hecke bimodule 
•H(lTi, IT 2 ) := HomG(indg VLi, indf W 2 ) 

= {compactly supported f : G ^ HomZj,(lTi, H 2 )| 
yki,k2 € K,g gG, /(fcigfc2) = ki o f{g) o k2}. 

If IT is a if-representation, let 'H(IT) = TLiW, W) be the Hecke algebra of W. If tt 
is a G-representation over Zp, then Homif(IT, tt) is a right 'HG(W^)-inodule. 

Recall the Cartan decomposition 

where tp = p(p). This gives the decomposition 
(3.1.1) indglT= 0 Ind^*''-^1T 

MGX.(T)_ 
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as i^T-representations where 

W = {f : KtK W\f{kx) = kf{x) ykGK,xG KtK} 
and the if-action is right regular. We can simplify this as follows: 

(3.1.2) Ind^‘^ W - Ind^ntAt-i W - Indf-x^*nK 

where is identified with W as vector spaces, but the superscript denotes the 
twisted action on defined by kw^*'^ = (tkt~^wY*'^ for and k £ 

Given a coweight /r £ X*(T), let 'H{Wi,W 2 )fi = Hom^f(Wi,Ind^*''^ 11 ^ 2 ) C 
'H{Wi,W 2 ) denote the subspace of elements supported on the double coset Kt^K. 
Let and be n K and n K, respectively. The following 

proposition is contained in the proof of Theorem 1.2 of [Her TTb] . 


Proposition 3.1.1. Suppose that Ki acts trivially on Wi and IT 2 . We have a 
natural isomorphism H{Wi,W 2 )fj, = Hornp ((ITi)^^ , 


Proof. We have the injection 

Homp ((ITi)^ ,(Wf-A Homp (Wi, ^ Hom^(Wi, Indf 

fj, pi 

= H{Wi,W2)^ 


where the first isomorphism follows from Frobenius reciprocity and the second iso¬ 
morphism follows from (3.1.2). It suffices to show surjectivity of the first map. 
Let / £ Homp (IFi, 11^2*^^). Since ITi is Ki n t“^iLtp-invariant, the image of / is 
contained in 

/ If iX / t ! N \ bf*) 


Since W 2 is Ki n ^-invariant, 11^2*^^ is iV^-invariant. Therefore the map / 

factors through (ITi)^ . □ 


We can rephrase Proposition 3.1.1 as follows. Given a P^-morphism (ITi)^ 


N„ 


Indp (W^ '')(*n). By Frobenius 


{W^ '")(G)^ we obtain a map Indf^ (W^i) 
reciprocity, we have a natural map IFi —>■ Ind~ . The composition 


Wi ^ Indf (Wi)^ ^ Indf (IF 2 ^-'')(*-) C Indf ^ Ind^‘^^ W 2 

is the corresponding element of W 2 )^. 

We can further simplify this when pi is minuscule, which we now suppose. See 
Section 3 and particularly Proposition 3.8 of [Herllb] for a more general context. 
Let and P^ be the images of and P^ in G(Fp), respectively. Then 
and Pp are the usual unipotent and parabolic subgroups in G(Fp), respectively, 
corresponding to pi. Let = P^/N^. Note that t^P^t~^ = P-^ and t^N^Kitf^ = 
N_^Ki, and so conjugation by tp gives an isomorphism Mp = M_p. 


Proposition 3.1.2. Suppose that pi is minuscule and that Ki acts trivially on Wi 
and W 2 . We have a natural isomorphism P{Wi, W 2 )p = HomM,^((Wi) 7 v,_., 
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Proof. Since is minuscule, Ki C P^. Using Proposition 3.1.1 we have 

N- 


= RomM,iiW,)N„W^ n 


tN- 


where acts on IU 2 ^ through the isomorphism —)■ M_^ given by conjuga¬ 
tion by □ 

We specialize the above discussion to the case when lUi = IU 2 = tr is an ir¬ 
reducible G(Fp)-representation over Fp (and hence a if-representation by infla¬ 
tion) and /r is a minuscule coweight. Consider C ind~ a P-u- 

representation. By Lemma 2.3 of [Herllaj . ajq^ is irreducible and isomorphic 
to as M^-representation. In other words, C ind~ is 

isomorphic to ctjv as a P^-representation. This defines a nonzero map T'^ 


ind~ ctat^ = indf Ind~ ctat^ ^ indg Ind 


a,{i ' 

^ ind“ As P(cr)p is 


one-dimensional by Proposition 3.1.2[ the composition of Tf ^ with the natural in¬ 


clusion ind~ = ind- c ind^ ^ cr is a generator of 'Hicr)^. The 

^jj. ' _ _ 

following is a rephrasing of weight cycling as in Proposition 2.3.1 of |EGH13] . 
Proposition 3.1.3. The map Tf ^ is an isomorphism. 


Proof. The composition o ^ 


is multiplication by = 1 . 


□ 


We omit p, from the notation if it is clear from context. The following proposition 
follows from the discussion after Proposition |3.1.l] 

Proposition 3.1.4. If T' S P(IUi,W 2 )p corresponds via Proposition 
map that factors through apf — cr^~^‘ 


3.1.2 


then T' factors through as ind^ lUi 
kW2. 


to a 


ind^Ind- ctat^ 


ind^ Indf^ ind' 

u 


3.2. Hecke algebras for upper alcove algebraic vectors of GL 3 . We specialize 
the ideas of Section |3.1| to the case of certain extensions of weights including the 
case of upper alcove algebraic vectors. Let /r be a minuscule coweight. Let Wi be a 
(nontrivial) extension of weights 0 —?► ct' —lUi —>■ cr —0 such that Wi injects into 
Ind- = Indp^ ^2 be the (unique up to isomorphism) nontrivial 

extension 0 —>■ tr —)■ IU 2 —)■ cr' —)■ 0 by Section |1.3| Then we have a surjection 
Ind^ (cr')^-'" ^ IU 2 by Lemma 6.1.1 of |EGH13| . which describes the Jordan- 

-T-p 

Holder factors of Indf^ 


P-. 


(cr'j^-M ^ and Proposition 


2 . 2.2 


which gives the submodule 
structure. Proposition 3.1.4 gives an element T' G 'H[Wi, W 2 )^. Fix a (unique up to 
scalar) nonzero map i : W 2 —>■ Wi, which induces maps 'H{Wi,W 2 ) TLiWi) and 
TL{Wi,W 2 ) — 7 ^ TL{W 2 ). We denote the images of T' by Twi and IV 2 J respectively. 

Now let Wi and IU 2 be W and W , respectively, where lU and W are as 
in Section ItTI Let i : —>■ IT be the inclusion from Section l2.ll We have 

W ^ Indp ^ a'j^ for antidominant minuscule p by Lemma 6.1.1 of |EGH13| and 
Proposition |2.2.2| 
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Proposition 3.2.1. For fiG X*(T)_, n{W,Wo)^„ andH{W)^ are free 

of rank one over Zp. 

C' C' 

Proof. Since V = W ®Zp Qp is naturally a G-representation, ind;^ V = V iS>indj^ 1. 
Since V is an irreducible G-representation, is isomorphic to 7^(1)^ and is 

therefore one-dimensional over Qp by the Satake isomorphism. This completes the 
proof since and C 'H{V)p, are Zp-lattices. □ 


Proposition 3.2.2. We have W ^ 

and © (cr')^”'". The spaces 'H{W)p, and TL{W^)p are both one¬ 

dimensional overFp. 


Proof. From Proposition |2.1.l] we have exact sequences 

-t -)► 0 
-tkF-)► 0. 


By Lemma 2.3 of [Herlla] and the fact that a — c < p, and 

(jN-fj. ^ have different actions of the GLi factor of Mp. Thus the correspond¬ 
ing short exact sequences split. Recall from Proposition 2.1.1 that a' is isomorphic 
to the socle of W and the cosocle of W . Since a' is not a Jordan-Holder fac¬ 
tor of Indp_|^'’^ a^-i^ (resp. Indp*'^’’^ by Lemma 6.1.1 of [EGH13| . any map 

Ind 


P-u 


W (resp. VF ^ Ind' 


reciprocity, we conclude that W 

On the other hand, we have an inclusion W C Indp 


p Cm ) must be zero. By Frobenius 

pj. P ' 

G(Fp) 


Ind 


G(Fp), ^ T/I/° 


p_ -» W" as described at the beginning of Section 


reciprocity, we conclude that W— ctn^ © ) 

For the second part, use Proposition [TL^ 


a'pf^ and a surjection 
By Frobenius 


3.2 


'' = (T 


□ 


Proposition 3.2.3. The inclusion i induces natural maps TLlW, W'^)p —>■ 'H{W^)p 
and 77(11^ IF°)^ —>■ 77(IF)p, which are isomorphisms between rank one Xp-modules. 
Furthermore, the natural map 77(VF, IF )p —?> 77(fT')^ induced by the maps a' ^ W 
and W a' is an isomorphism. 



The last statement of the proposition follows from the fact that is one¬ 
dimensional by Lemma 2.3 of |Herlla) . □ 
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Let T' be a generator of By abuse of notation, let T denote the gen¬ 

erator which is the image of T' in 'H{W) and 
via the maps in Proposition |3.2.3l We record this in the following proposition. 

Proposition 3.2.4. The morphism T G factors as ind^ A ind^ W A 

ind^ W°. 


3.3. Hecke algebras for principal series types. In this section, we describe 
Hecke operators for prin cipal s eries types, and relate them to He cke operators for 

' ' ' p 0 0 ■' 


extensions in Proposition 


3.3.3 


Keep the notation of Section 


/p00\ 

and ^2 = ( 0 p 0 . Let (r, j) be a permutation of (1, 2). 
V 0 0 1 / 


2 . 2.1 


Let ti = 


/p 0 o\ 
0 10 
Vo 0 1 / 


• • ' G 

Proposition 3.3.1. The element ritiV^ spans an Ii-invariant subspace o/indj 

on which I acts by ■ Moreover, by Frobenius reciprocity, the map u’'*® i—>■ ritiV^ 
induces isomorphisms : ind^ x’’’® —>■ ind^ x*- 


Proof. The proof is similar to that of Proposition |3.1.3| First, Viti normalizes 
/i, and so ritiv'^ spans an /i-invariant subspace. Second, we have that tritiv’^ = 
ri{r~''tri)tiV^ = riti{r~^tri)v‘^ = x''"‘‘{i)'ritiv’^ for any t G T(Zp). 

For the second statement, note that the composition 

o : indf x^ ^ ind? x"*'* ^ ind? x^ 

/P 0 0\ 

maps to ritiVjtjV^ = ^ o p o J u® which is invertible and hence an isomorphism. □ 


Let t/J be the operator on indf x® given by u* Y.geii/{tjht-^nh) 
Proposition 3.3.2. The composition 

o : indf x"’^ ind? x^ A ind? x"** 

is the operator LJ‘*- 


Proof. From the respective formulas in (2.2.1) and Proposition 3.3.1 we see that 
the composition is defined by 


gG/i/(ri/ir. ^n/i) 




□ 


Let g be the minuscule coweight such that ti = t^. Suppose that tr' is a sub- 
module of t’'j® so that Ind^ C Let Wi and W 2 be as in the beginning of 
Section 13.21 

Proposition 3.3.3. There is a commutative diagram of K-morphisms 
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-A T ^ 


Ind 



-A Ind^ 


T iKt^K _o 

> Ind^ T® 


P—u 


. -.Ktu^K Tj. 

> ind^ W2 


where the composition of the top row is Uf and the composition of the bottom row 
is . 

Proof. Note that the support of Uf is contained in Kt ^^K. The top row is the 
composition of and is®*, which is Uf by Proposition 


3.3.2 


The second row is 

the reduction of the top row modulo p. The third row is the restriction of the second 
row to parabolic inductions which are naturally submodules in principal series. By 
the discussion preceding Proposition |3.1.3[ the second map of the third row is a 
restriction of Tf, to Ind^ . The bottom row then gives Tw 2 by definition as 
discussed in the beginning of Section |3.2[ □ 


4. Patching 


Following [EGS13j . we use Kisin’s local-global modification of the Taylor-Wiles 
method to study lattices in completed cohomology in families on local deformation 
rings. In this section, we introduce the Taylor-Wiles patching method as in ICHT08I 
CFC+I^ . in order to deduce Theorem] 


and 


4.1.4 


4.1. Galois representations and automorphic forms. In this section, we de¬ 
scribe some Galois representations and automorphic forms relevant to our imple¬ 
mentation of the Taylor-Wiles patching method. Let E be a CM field with E+ its 
totally real subfield such that F/F+ is unramified at all finite places and p splits 
completely in F. 


4.1.1. Galois representations. Following Section 2 of |CHT08| . let G /Z be the group 
scheme defined to be the semidirect product of GL 3 XGL 1 by the group {1, j}, which 
acts on GL 3 X GLi by j{g, s) = {s-{g~^Y, s). Let E be a finite extension of Qp with 
ring of integers Oe, uniformizer we, and residue field kE- We consider a continuous 
Galois representation r : Gf+ —t such that r“^(GL 3 (i?) x GLi(i?)) = Gp. 

Then the composition p : Gp —t GL 3 (i?) x GLi(i?) —>• GL 3 (i?) of r\cp and the first 
projection is an essentially conjugate self-dual Galois representation. Assume that 
where denotes complex conjugation. 

Suppose that p ramifies only at places that are split in F/F~^ and that p|_F„ is 
potentially crystalline at places w\p of F. As usual, we let p : Gf —t GL 3 (fcF) 
denote the reduction of p. 

Axiom 4.1.1. We say that p satisfies the Taylor-Wiles conditions (TW) if 

• p has image containing GL 3 (F) for some F C fcs with ffF > 9, and 

• contain F{C,p). 
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Note that the first condition, which is stronger than the usual condition of ade¬ 
quacy (see Definition 2.3 of |Thol2) '). allows us to choose a place Vi of F+ which is 
prime to p satisfying the following properties (see Section 2.3 of [CEG+ld] !. 

• vi splits in F as vi = wiWi 

• vi does not split completely in F{(p). 

• p(Frobu,j) has distinct F-rational eigenvalues, no two of which have ratio 
(Nui)±i. 

See Remark |4.2.1 for an explanation of the choice of vi. 

Let E be a finite set of places of F'^ away from p such that p is unramified away 
from E and p. Let S be the set of places Ui, those in E, and those dividing p in F~^. 
For each place v in S, fix a place v in F lying over v and let S be the set of these 
places V. For places w in F, let be the universal Oe-lifting ring of p|gf„ • For v 
with u G E, let be the reduced p-torsion free quotient of corresponding to 

lifts of the inertial type of p|gf- j '''v- Recall that e denotes the cyclotomic character 
and Sf/f+ denotes the quadratic character of F/F^. Let 


5 = (f/F+, 


S,S,Oe,f 


e '^6 f/f+, 


{i?l 


} u {R'^}v\p u {R-’"''’ }«ge 


be the deformation problem in the terminology of |CHT08| . There is a universal 
deformation ring i?™"' and a universal S'-framed deformation ring 
of Definition 1.2.1 of |CHT08) . 

Let 


in the sense 




JdGS 


r! 


D,t, 




where all completed tensor products are taken over Oe- Choose an integer q as in 
Section 2.5 of |CEG~*~14 


We introduce the ring 


i?oo = . . . 


over which we construct a patched module of automorphic forms in Section 4.2 


4.1.2. Automorphic forms on definite unitary groups. As in Section 2.3 of [CEG~*~1^ . 
we let U/ Of+ be a model for a definite unitary group that is quasisplit at all finite 
places of F+ and splits over F. For each place v of F+ that splits as u = ww'^ 


in F, let O 

byj : U((!li,) - 

ideal A c T. 


and Ow 

> GL3(a 


denote Op+ and Of„ 
,). For p as in Section 


respectively. Fix an isomorphism 
one can define a corresponding 


4.1.1 


is dehned in Section 2.3 of GEG~*~14] . The ideal 


where T = T'®*’ 

A is the Hecke eigensystem corresponding to p. 

Let the Hodge-Tate weights of /o|gf„ be Xy > pv > Let W be the algebraic 
U((!lp,+(-representation given by Ly of highest weight (xy — 2, yy — l,Zy). Then V := 
®y\pVy defines a local system on U(F+)\U(A“f)/ 1A for U = Uy C U(A‘^^.) a 
compact open subgroup. 


Axiom 4.1.2. We say that p is modular (M) if 

iL°(U(E+)\U(A-F)/;7,GGQ^ f;)[a] ^ 0 

for some compact open subgroup U = ]([« Uv C U(A‘^+) for which Uy is ramified 
{not hyperspecial) at only finitely many v, all of which split over F. 

Remark 4.1.3. If p satisfies (M), then in particular p^ = p'^e~^ where denotes 
complex conjugation. 
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We recall the definition of tt from Section | li| For v G T,, let Ty be the U(0„) A 
GL 3 (C>iu)-representation over E which is the type corresponding to by 

results towards inertial local Langlands (see Proposition 6.5.3 of |BC09) 1. For v \ p, 
let Uy be the maximal principal congruence subgroup such that Uy acts trivially on 
Ty. For v\p, let Um,v be the kernel of the map U(C>„) —>■ XJ{Oy/p^). Let H° and 
H be the completed cohomology groups 

\^\^H°{V{F+)\V{A^+)/l[Um,v xl[u:^,OE/va’E) 

r m 

and 

limiLO(U(F+)\U(A“+)/[]C/^,, xI[U',Oe/vje), 

^ v\p v\p 

respectively. For each v \ p, let be a GL 3 (C>uj(- invariant O^j-lattice in Ty, and Ty 
be its reduction. Then we let 

TT = Homc/p(®;^pr°,^'’[A])) 

and 

Tf = HomGp(®'„|pT.„, ff°[A])) 

where is the maximal compact open subgroup away from p. Let Gy denote 
U(F„) and Ky C Gy denote a maximal compact subgroup \]{Oy). Then tt and 
TT are naturally Huip Gt,-representations, which are nonzero precisely when pIg^. 

satisfies (M). _ 

The following theorem summarizes some of the main results of |CEG~*~14] . The 
proof is postponed to Section |4.2[ 


Theorem 4.1.4. There exists an .Roo[[n«|p Gy]]-module satisfying the follow¬ 
ing properties. For a Wy^^^Ky-representation ^y^pWy over Zp, let Moo((g)„|plF„) 
denote Homj^ ^ (G)„|plFu, where denotes the Pontrjagin dual. 

(1) Moo is projective as an OE[[Y[y\p I^v]]-module. 

(2) For a locally algebraic Y[y\p Ky-representation 0y\pWy, Moo{^v\pWy) is 
maximal Cohen-Macaulay over its support in R^o or is 0. 

(3) Let p C m C Roo be ideals corresponding to p and Ji, respectively. Then 

= M^[p] and W = M^[m]. 


Remark 4.1.5. By Lemma 4.13 of [CEG~*~14] . if ^yWy has no (!l£;-torsion, then 
Maci(i^yWy) = Homi^((g)„lFu, M^)"^ where denotes the Schikhof dual (see Section 
1.5 of [GFL+14p . Note that in |CEG+14| . Moa{®vWy) is only defined for Oe- 
torsion-free objects and the definition with Schikhof duality is used instead. 


Remark 4.1.6. As explained in the section following Remark 2.7 of [CEG~*~14] . one 
chooses a surjection i?oo ^ ■ Then the ideals p Cm C Roo corresponding to p 

and p, respectively, are just the inverse images of the corresponding ideals of . 


4.2. The construction of patched modules. In this section, we describe the 
construction of the patched module Moo satisfying the properties in Theorem 4.1.4 


The main difference from |GEG~*~1^ is that we allow ramification away from p, and 
we patch at all places dividing p simultaneously. The necessary modifications are 
straightforward and the proofs are identical. 
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4.2.1. Compact open subgroups and Taylor-Wiles primes. Assume (M) with com¬ 
pact open subgroup U. Let S be the set of places v \ p in F~^ where U is ramified, or 
in other words where Uy is not a hyperspecial compact open subgroup. For to G N, 
let Um = riu Um,v C U(Ap+) be the compact open subgroup where 

• Um,v = U(C>„) for all places v which split in F other than vi and those 
dividing p; 

• Um,,vi is the preimage of the upper triangular matrices under the map 

V(OyJ^U{kyJ ^ GL3(fc^J; 

'■’"1 

• Um,v is the kernel of the map \5(Oy) —)■ U(0„/p'") for u|p; 

• Um,v is a hyperspecial maximal compact open subgroup of U(Fy) if v is 
inert in F. 


Remark 4.2.1. Note that vi was chosen in Section 4.1.1 so that for all t S U(A^+), 


t n U does not contain an element of order p, necessary for Theorem 


iTIpl). 


We now choose Taylor-Wiles primes. Recall that in Section |4.1.1[ we chose an 
integer q. As in Section 2.5 of CEG+14] . for each A > 1 we use (TW) to choose q 
places Qn and Qn of F^ and F, respectively, which are in particular disjoint from 
p and E. For v € Qn, we let Ui{Qff)v C \J{Oy) be the corresponding parahoric 
compact open subgroup defined in Section 5.5 of |EG14| . Let Ui{QN)m,v = Um,v 
for V ^ Qn and Ui{QN)m,v = Ui(Qn)v for v S Qn- We define the compact open 
subgroup Ui{QN)m = II^ Ui{QN)-m,v C U(A“+). 


4.2.2. Algebraic modular forms. Recall from Section [4.2. 1| the definition of the set 
of places E and the lattice in types for u £ E. Let Sr{Ui{QN)m) be the functions 

/:U(F+)\U(A~+)^®„eET° 

such that f{gu) = u~^f{g) for all g € U(A“+) and u £ Ui{QN)m where Ui{QN)m 
acts on by its projection to IIiige ^rn,v 

For each u £ Qat, let be the quotient of defined in Section 5.5 of |EG14j . 
We let be the deformation problem 

^Qn — U Qn, S U Qn, Oe,p, e '^Spfp+, 

{i?5j U {R^}y\p U u {Rf}yeQj- 


Again, we have the universal deformation ring R'g^'^ and the universal S'-framed 

deformation ring . Let Mi^q^ = pr (^Sr{Ui{QN) 2 N,OE/ru^)fnQj.^) where 

denotes the Pontrjagin dual, pr is defined in Section 2.5 of |CEG~*~ 14] . and toqj^ 
is the maximal ideal of the spherical Hecke algebra at places away from SUQn cor¬ 
responding to p (see Section 2.3 of [CEG^il)- Let (gj^univ i??® . 

Let 

Soo = Oe[[zi, . . . , Zg#s,yi, ■ ■ ■ ,yq]]- 

As in Section 2.6 of GEG~*~14] . we patch the spaces together to get an 

RqC ^ [[n„|p A.„]]-module Mac,. 
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Proof of Theorem For part 0 of Theorem |4.1.4[ the proof of Proposition 
2.8 of [CEG~*~14] shows that M^o is in fact projective as an S'oo[[ni,|p ^«]]"niodule 
and admits a Jl-uip Gy-action that extends the action of Jluip 

Assume Mao{®vWy) is nonzero. Part ([^ follows from the inequalities 

depthj^^ Mao{®vWy) > depthg^ Mao{®vWy) = dimAoo 

> dimSuppfl^ 

where the first inequality comes from the fact that the Soo-action factors through 
Roc, the equality comes from the fact that Moo is a projective S'oo-module and the 
last inequality follows from the local algebraicity of Theorem 3.3.4 of [Kis08| . 

and Lemma 4.16 of |C EG~*~14l. P art 0 follows directly from the construction of 
Moo (see Section 2.6 of [CEG+14p . □ 

5. A KEY ISOMORPHISM AND CYCLICITY OF PATCHED MODULES 


We deduce mod p multiplicity one results (see Theorems 5.3.1 and 5.3.6) for 
upper alcove algebraic vectors and principal series types. 


5.1. A key isomorphism. In this section, we prove Lemma [5. 1.4 which provides 
the key input in proving cyclicity of pat ched m od ules. Suppose that p satisfies 

Eix a place v\p of F+. 


4.1.1 


and 


4.1.2 


(TW) and p satisfies (M) from Sections 
Prom now on, for a Ky = GL 3 (Zp)-representation V, we write M^oiV) to denote 
Moo{Vy ®yi^y Vyi) wEcre Vy! ts H fixed Ar„/-representation for each v'\p with v' ^ v. 


The representations Vy' are specialized to certain representations in Section [5.3| 
We say that p is modular of weight cr at u if Homif^ (cr, If) is nonzero. Denote by 
Wyijf) the set of modular Serre weights for p at v. The following is an immediate 


corollary of Theorem 4.1.4 3). 


Proposition 5.1.1. A weight a G W{p) if and only if Moo (o') 0 for some choice 

of Vy- . 




cr —f 0 and 0 


As in Section 3.2 we consider extensions 0 —f ct' 
cr —>• W 2 —f cr' —> 0 such that Wi ^ Ind^ for some minuscule coweight p. We 
introduce the following axiom. 

Axiom 5.1.2. We say that p satisfies weight elimination (WE) for {Wi,p) at v 
if Indp (j'jq /Wi has no Jordan-Holder factors in IIA(p). 


Remark 5.1.3. By Proposition |5.1.1 and Theorem 4.1. 30 , p satisfies (WE) for 
(IFi, p) at V if and only if Moo (Indp crjy /lEi) = 0 for all choices of Vy-, if and only 
if 

Moo(ker(Indf ^ W 2 )) = 0 

for all choices of 14' • 

The map T' : ind^ Wi —f ind^ W 2 from Section 
HomG(ind^ W 2 , Mf^) 


3.1 


induces a map 
HomG(ind^ Wi,A/,)(.) 


and hence by Frobenius reciprocity and duality, a map T' : Moo{Wi) —)■ Moo{W 2 )- 

Lemma 5.1.4. Suppose that p satisfies (WE) for (IFi,p) at v. Then the Roo- 
module homomorphism T' : My^iWi) —f Moo(W 2 ) on isomorphism. 
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Proof. By Proposition 3.1.4 and Theorem 4.1.4 the map T' : Moo(lPi) —t Mao(W 2 ) 


can be written as the composition 


Moo{Wi) —)■ Moo(Ind^ Moo(Ind“ —>■ Mao{W2). 


K 

P-U 


By Proposition |3.1.3[ the second morphism is an isomorphism. By the exactness 
of Moo(-) from Theorem 4.1.4 1) and Remark 5.1.3 the first and third morphisms 
are isomorphisms. □ 


5.2. Multiplicity one for extensions. From Lemma 5.1.4 we deduce cyclicity 
of certain patched modules, extending the method of |Dia97j and |Fuj06| . 

Axiom 5.2.1. We say that p has regular type (RT) if is a regular local 

ring. 

Suppose that for each place v\p of F, cr„ is a Serre weight F(xv,yv, Zy) with 
Xv > Vv > Zy and Xy — Zy < p — 3. The following theorem is a well-known 
consequence of the method of Diamond and Fujiwara. 

Theorem 5.2.2. The Roo-module Mao{®y<Xy) is cyclic. 

Remark 5.2.3. Note that we include the possibility that Mao{®y(Xy) = 0. With 
mild hypotheses, the module Maoi^yCfy) is nonzero if and only if is Fontaine- 

Laffaille of weight {xy + 2^yy + 1, Zy) for all v\p by Lemma 1.4.3 and Corollary 4.5.2 
of |BLGGTT4] . Alternatively, one could check Axiom A1 of |EGH13| . 

Proof. Since the Hodge-Tate weights {xy + 2,yy + l, Zy) are in the Fontaine-Laffaille 
range, the corresponding crystalline deformation rings at places dividing p are 
formally smooth by Lemmas 2.4.27 and 2.4.28 of [GHT08) . By Theorem 2.1 of 
IDia97l . the assumption (RT), and local-global compatibility at p from Lemma 
4.16 of lGEG+14] . Moo((8)„ CT„) is a free module over its support. We conclude that 
Mao{®yCry) has rank one because Moo{®y<Jy)f p has rank one over Oe by Theorem 
4.1.4p ) and Theorems 5.4 and 5.9 of |Labll| . □ 

Let Wi and W 2 be as in the beginning of Section |3.2[ Suppose that p satisfies 
(WE) for (Wi,p) for some minuscule coweight p. We fix a place v\p of E+ and 
continue to use the notation of Section [sTT] Let i? be a ring over R^o which acts on 
Moo(VF 2 ), A7oo(ct), and M^{cf') and whose image in End_R^(Moo(VFi)), 
Endii^(Moo(W 2 )), and Endfl^(Moo(tT')) contains Tw^ TVa, and T^'. 

Lemma 5.2.4. If the R-module M^ofa) is cyclic and nonzero, then the R-modules 
Moo(lFi), Mao{W 2 ), and Moo{(j') are cyclic. 

Proof. By the definition of Tw 2 in Section |3.2[ we have the commutative diagram 

-^ 0 


-A 0. 


0 

-^ Moo 

{a')- 

-^ Moo 

;wi)- 

K 

-^ Moo 

0 

— ^ Moo 

{a')- 

-^ Moo 

:vf2)- 

MooiW, 


The middle vertical arrow is an isomorphism by Lemma |5.1.4[ and hence so is the 
right vertical arrow. The module Moo(o’) is cyclic and nonzero by assumption. 
We conclude that Moo(W 2 ) is cyclic by Nakayama’s lemma. The natural map 
{W2) 


M, 

also cyclic. 


Moo(ct') shows that Moo{(t') is cyclic. By Lemma 


5.1.4 


Moo{Wi) is 

□ 
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5.3. Multiplicity one for locally algebraic types. In this section, we prove 
some mod p multiplicity one results for upper alcove algebraic vectors and principal 
series types. 


5.3.1. The case of algebraic vectors. We again fix a place v\p of and con¬ 
tinue to use the notation of Section 5.1 Let Wi, = W oi 


^^ ^ Let c 

]^Endfl;^(Moo((g)„/lL^,)) be the subring generated by the images of i?oo and 
where the product runs over all choices of Note that the image of in 
Endi^^(Moo((8)„'VL^/)) contains and for every place v'\p. 


Theorem 5.3.1. Let W = W(c+p—l,b,a—p+l), = W{—a + p— l,—b,—c — 

p + 1)*, and a = F{a — 1,6, c + 1). For each place v, let be some minuscule 
coweight. Suppose that f> satisfies (RT) and (WE) for (lE,p.^) at v. Suppose 
further that Mao(®v<yv) ^ 0. Let = W, W°, a', or a and W.^ = W or 1E°. 
Then Moo((g)„lE„) is a cyclic -modules, and Mao{®vW[f) is free of rank one 
over . 


Proof. To prove that Moo(lE„) is cyclic, we induct on the nu mber of places dividing 
p for which W„ ^ a. The base case is provided by Theorem 

By Nakayama’s lemma, M„ 


5.2.2 


The induction 


step is given by Lemma 5.2.4 By Nakayama’s lemma, Mao{®vWy) is cyclic as 
well. Freeness follows from the fact that was defined to act faithfully on 


5.3.2. The case of principal series types. For places v\p of E+, let = indf^ x«, 
where Xv = ® rj^" 0 , be a principal series type representation of Ky. 


Axiom 5.3.2. We say that p satisfies weight elimination (WE) for Ty if 
kE^ (p) ri JII(t^) CZ (E(q.^ 1 , by , Cy “t“ 1) , F{hy , Cy , Qy P F l) J 

F{by + p- l,ay,Cy),F{Cy + P - 1, by , Gy - P + l)}. 


Suppose that p satisfies (WE) for Ty. 


Proposition 5.3.3. The map : Moo(t’'’®2) —>■ Moo(t®‘®2) is an isomorphism. 

Proof. The map is injective by Theorem 4.1. 4}0. By Lemma |2.2.3[ Proposition 
2 .2.2[ and (WE) for Ty, the cokernel of C't'i ■ r®’®’^ contains no Serre 

ieight 


weights m 
Moo(t®-®^) 


Wyip). 

is 0. 


r ‘ ^ T ' 

cokernel of t: 
By Nakayama’s lemma, the cokernel of l 


By Proposition 5.1.1 


SiS2 

S 2 

the 


Moo(r"^"^)is 0. 


.-S2 

S2 


Moo(r’-‘®^) 

Moo(r’'‘®^) 


□ 


Proposition 5.3.4. The induced map ■ -kfoo(T^) Mooir^^) is an isomor¬ 
phism. 


Proof. The map is injective again by Theorem 4.1.4 1). By the proof of Lemma 
4.1.1 of |EGS13| . the image of I 2 is the minimal submodule containing F{a— 1,6, c+ 
1) as a Jordan-Holder factor. By Proposition |2.2.2 and (WE) for t„, we see that 
the cokernel of I 2 : ’f®^ contains no Jordan-Holder factors in Wyifp). Again 

by Nakayama’s lemma, the cokernel of Moo(t^) ^ Moo(t® 2) is 0. □ 


For j = 1, 2, 3, let T : r®^ 0 t®“ —>■ t® denote the sum of and 

Proposition 5.3.5. For i = 1,3, the map T : Moo(r®® 0 t®'’) —>■ is 

surjective. 
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Proof. By Propositions 2.2.2 
of P : 


Proposition 2.2.4 and (WE) for Ty, the cokernel 


has two Jordan-Holder factors, both of which are not in 


Wy{p). By Proposition 5.1.1 the cokernel of : Moo(t® 
By Nakayama’s lemma, t* is surjective. 




Moo(t*) is 0. 

□ 


Let i?P® C Hs ,gS 3 Endii^(Moo((g)„/|prJ”')) denote the subring generated by the 
image of i?oo and the Hecke operators U-'f, for i = 1,2 and s„' S S 3 . Here H®”', 
acts on ind^”' via the inclusion so that Moo(-) gives a functor from K- 
subquotients of to i?P®-modules. 


Theorem 5.3.6. Assume that p satisfies (RT), (WE) for for all v'\p, and 
Mao{®v'F{a,v' — 1, bv',Cy' + 1)) ^ 0. Then the EP^-module M^o {®v'\pTlr' ) for Sy' e 
S 3 is free of rank 1. 


Proof. By Proposition 


3.3.1 


I'r^sn induces an isomorphism 


and induces an isomorphism ^ By Proposition 


5.3.3 


we have isomorphisms : Moo (7 


S 2 ■ —oov ) Moo(t®‘®^). We conclude that 

Ty/) are isomorphic for all combinations {syi)yi. It sufhces to show that 
) is fr ee of r ank one over i?P® for some choice of Syi G S 3 . 

,'Ty?l(. 


Moo 

Moo(©„'T-, 

By Proposition 


3.3.2 


we have an isomorphism : Mo, 




Moo(©j,'r®l)/C/®\,, . By (WE) for r„', the natural inclusion 


Moo (©d' bPi;') Mo, 




i\ v' ' f 


is an isomorphism. If we let p = (0,0,1), then again by (WE) for r^/, p sat 


isfies (WE) for (W,p) at all v'\p. By Proposition 
of i?P® in Endfl^ (©^/IP). We conclude by Theorem 


3.3.3 


5.3.1 


Tpjr is in the image 
that Moo{®v'Wyi) ^ 


Moo{®v'Tf})/U/y, is cyclic and nonzero. By Nakayama’s lemma, Moo(©«'r®/) is 
cyclic. Freeness follows from the fact that was defined to act faithfully on 

Moo{®v'Ty}). □ 


5.3.3. An application of cyclicity. In this subsection, we deduce a lemma which 
allows one to use multiplicity one to relate the reduction of lattices to modularity 
of Serre weights. We again fix a place v\p of F'^ and continue to use the notation 
of Section [ST] 


Lemma 5.3.7. Let t be a locally algebraic type, and let ti G t be a lattice with 
irreducible cosocle a where Moo(cr) 7 ^ 0. Suppose that Moo(ti) is cyclic and T 2 C ri 
is a sublattice. Then Moo(t 2 ) C mMoo{Ti). 


Proof. The inclusion T 2 ^ ti and surjection ti a, whose composition is 0, induce 
the diagram 


Moo (7-2) -^ Moo(ri) -)■ Moo (cr) 


Moo(Ti)/m-^ Moo{cr)/m 

where the composition of the top row is 0. The map Moo(ti) —>■ Moo(cr) is surjec¬ 
tive by exactness of Moo{-), and so the bottom row is surjective. By assumption, 
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Mao{Ti)/m is one dimensional and Mao{cr) ^ 0, and so the bottom row is an iso¬ 


morphism. We conclude that the composition M^{t 2 ) —> 
is 0. 




,(Ti)/m 

□ 


6. Lattices in patched modules 


1 . 1.1 


In this section, we deduce our main theorem on lattices in cohomology, Theorem 
and|6.2.5 ). We again fix a place v\p of F+ and continue 


(see Theorems 


6.1.4 


to use the notation of Section [5TT 


6.1. Lattices in patched modules for upp er a lcove algebraic vec tors . Re¬ 
call the definitions of W and 1T° from Section l2.ll and from Section l5.3l 


Lemma 6.1.1. Suppose thatp satisfies (WE) for {W, p) at v for some minuscule 
coweight p. Then the Roo-module homomorphism T' : Mao{W) —>■ is an 

isomorphism. 


5.1.4 


By 


,{W ) is an isomorphism by Lemma . 
MooiW^) is surjective. 

A Mr^c,{W^) is injective. Let / be the kernel of 


Proof. The map T' : Moo{W) —)■ 

Nakayama’s lemma, T' : MaofW) 

We now prove that T' : Moo{W) 
the map Mao{W) —)■ Mao{W^). Suppose that Moo (IE) and Moo(lE°) have support 
of dimension d as i?oo-niodules (see the remark after Definition 2.2.4 of |CHT08j 
and Theorem 3.3.4 of |Kis08| for a formula for d). Let Zj,_i be the functor that 
assigns to an i?®'^®-module the associated d — 1-dimensional cycle (see Definition 
2.2.5 of |EG14j L We have 

Zd_i(Moo(lE/p”)) = Zd_i(Moo(lE7p”)) 


4.1.4 


1), the fact that W and W have the 


by exactness of Moo(-) from Theorem 
same Jordan-Holder factors, and additivity of Zd-i in exact sequences. 

Let In be the image of I/p^ in Moo(lE/p"). Then we have the exact sequence 

Moo(lE/p”) ^ ALoo(fE7p7 


0 —> 


0 . 


Again by additivity of Zd-i, we see that Zd-i{In) — 0 and so has support of 
dimension less than d— 1. Since Mao(W/p'^) is maximal Cohen-Macaulay over Roc, 
there are no embedded associated primes by Theorem 17.3(i) of [Mat89| . and so 
In = 0 and the map I/p^ Mao{W/p'^) must be 0 for all n. We conclude that the 
map I —)■ Moo (IE) is 0 and so / = 0. □ 


Let V,,' = Wv' or W^, for v' v and v' \p a place of E+. With this fixed choice of 

j' \pP{^v' 


Vv ', we continue to use the notation of Section 


1, 6^/, -1-1)) 7 ^ 0. By Theorem 


5.3.1 


5.1 


Suppose that Mo, 


we can and do fix an isomorphism s : ^ 

Aloo(lE°), which also gives an isomorphism (T')“^ o s : R ^ MaofW) by Lemma 
ITTI This gives an element 

(Moo(VE°) © M^{W),s, (T')-^ o s) G M{R^^^). 


Let A : 'Lp\x,y\/{xy — p) —>■ i?"^*® be the corresponding morphism from Proposition 

mi 


Theorem 6.1.2. lEe have A{y) = s ^ o T o s. In other words, in the composition 
Zp[x, y]/(xy — p) -G- i?®'^® —>■ End^aig (Moo(lE°)), the image of y is T. 
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Proof. By Proposition |2. 3. 3] we have that 

A{y) = oT' oio s = oT os. 


□ 


Remark 6.1.3. If F{ay — l,6„,c„ + 1) ^ Wy(fp), then M^aiWo) —>■ M^aiW) is an 
isomorphism and the question of lattices is trivial. We now assume that (a„ — 
l,hy,Cy + 1) £ Wy{p) aud that p|g^+ is irreducible. Then by Theorems 3.3.13(i) 

and 7.5.6 of [EGH13| . = i/; 0 i/jP 0 where ij} = (c^+i) q,. ^ ^ 

^a„ i+p(c„+i)+p &„ Theorem 5.1 and Conjecture 6.6 of |Her06| for a formula for 

W'^ifp)). We assume that other case being symmetric 

(one has to use the other Hecke operator). 


Theorem 6.1.4. Let F be a CM field in which p splits completely. Let F^ he its 
totally real subfield and assume that F/F~^ is unramified at all finite places. Let 
p : Gp ^ GIj^^Oe) be a Galois representation satisfying (M). Assume further that 


• p satisfies (RT); 

• for all places v\p of F~^, p\p+ is a lattice in a crystalline representation 
with Hodge-Tate weights {cy + p + l,by + l,ay — p + 1) with Oy — by > 6, 
by — Cy > 6, and Oy — Cy < p — 5; 

• for all plaees v\p of F, p\p+ is irreducible with p|/^ = ip (B 4’^ (B where 

• and the reduction p : Gp —>■ GL 3 (fc£;) satisfies (TW). 


Let Xy be the trace of p acting on Dyyis[p\o. Let V be as in Section 4.1.2 
Then the lattice V C t: C V is isomorphic to 0„|p 

GvlpiWy 0Zp E). 


(tiWS) + 


Proof. Let 9 : 
that in Remark 


E be the map corresponding to p, defined as follows. Recall 


4.1.6 


we fixed a surjection i?o 


Rs 


The composition of 


this map and the map RP 


E defining p gives a map 9 : Rod E. Let 


p = Pi = (0,0,1). Then furthermore, 9{Ty) is defined to be These 

maps are compatible by Corollary 4.4.3 of |EGH13| . Theorem 1.2 of [BLGGTT^ . 
Theorem |4.1.4p ), and the unramified local Langlands correspondence. The map 
9 : Rod —>■ E factors through if and only if Moo((8)t,IEt,)/ ker(0) is nonzero. 
The space Moo{<^yWy)/ 'keT{9) is nonzero by Theorem 4.1. m , axiom (M), and 
local-global compatibility at p as in Theorem 1.2 of [BLGGTl^ . 

Note that by the inequalities that Oy, by, and c„ satisfy, (a„ — l,6^,c^ + 1) is 
a strongly generic weight in the sense of Definition 6.2.2 of [EGH13| . By Propo¬ 
sition 6.1.3(ii) and Theorem 7.5.5 of [EGH13) . p satisfies (WE) for {W,pi) (see 
Theorem 5.1 and Conjecture 6.6 of |Her06] for a formula for W'^(p)). By Theo¬ 
rem 7.5.6 of |EGH13] . Moo{®yi\pF{ayi — l,6„',c„/ + 1)) ^ 0. By Theorem 6.1.2 
the c ompos ition 9 o A takes yy to By Theorem 4.1.4p ) and Re¬ 

mark 4.1.5 Homx(0„W° 0 G)yWy,TTy = (Moo((8)«VP°) © MoDiGyWy)) 0e E as 
f-modules. We conclude that the f°P-module BLom.K{®yWy 0 0i,IT„,7r) is isomor¬ 
phic to the £°P-module corresponding to the lattice ®y\p{i{Wy)Fp~°‘'^^^~^XyWy) C 
(By\p{Wy (Bzp E) for each place v\p. □ 
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Corollary 6.1.5. Keep the assumptions of Theorem \ 6.1.4\ Then Oy — p + 1 < 
val(A„) < Qy — p + 2. 


Proof. Note that the first inequality follows from Corollary 4.4.3 and Proposition 


4.5.2 of |ECH13| . Lemma 5.3.7 shows that the reduction of the algebraic vectors 
modulo zue must be semisimple since cr„ and a'y are both modular Serre weights of 
p by Theorem 7.5.6 of |EGH13j . Hence 0 < val(p““’'“''P“^A) <1. □ 

6.2. Lattices in patched modules for principal series types. In this section, 
we pro ve The orem p".!.! in the case of principal series types. We keep the notation of 
Section 


2 . 2.1 


. such as r®, for s £ S 3 and t*, for z = 1,2,3. We continue to assume that 
p satisfies (RT), (WE) for Ty' for all v'\p, and Mao{®v' F{ayi — 1, byi,Cy' + 1)) ^ 0 . 

Fix a place v\p of F+. Fix lattices C r„/ for places v'\p of F+ with 
v' V. From now on we denote M^oiVy 0 tSiy'^vT^f) by M^{V) where F is a 
Ky = GL 3 (C„(-representation. Using Theorem 5.3.6 we can and do choose an 
isomorphism The compositions := ( 12 ®^^^^)“^ o' 0 ®^ : 

i?P® Moo(t® 2) ^ Moo(r’' *®^) a re also isomorphisms. 


For each i, Proposition 


i?P® 4 Moo(t’'-®2) 


5.3.3 


gives an isomorphism 0 ®’®^ := {Pfll) ^ o 0 ’’ 


A7oo(t®‘®^). This also gives an isomorphism 
0 ®o '<2 .= (z/®i®J)-i o 0 ®i ®2 : i7P® 4 Moo(r®«®=). 

Lemma 6.2.1. (1) The map (0’'*®^)“^ o o 0 ®= is multiplication by . 

(2) The map (0®'®=’)“^ o z®*®^ o 0 ®^ is multiplication by . 

(3) The map (0®“®^)“^ o z®“®^ o 0 ®= is multiplication by UffUf. 

Proof. For (1), we note that 


(0"^®=)-4z^f^o0®= = (0®0 


®=''-4z/®" Ot’'*® 

riS2 ^S2 


o 0 ®= = (0®=)-iu40®^ = uf- 


using Proposition 3.3.2 For (2), Proposition 2.2.1 gives 


SiS2^-l „ ,SiS2 „ J,S2 _ „ ,riS2 Q q .^|^S2 _ f^.^r,S2^-l Q p’^iS2 q ^S2 ^ 


(0®*®=^)-! O t ®;®2 O 0®2 = (0’'-®2)-l o i 


which is C /4 by (1). For (3), 

l,S0S2\-l „ ,S0S2 „ J,S2 _ (',/,SlS2'l-l 


(0®O®2) 1 Q i® 4 ^ O 0®2 = ( 0 ®^®^) ^ O 1244 ° ° ° ° 


= C/ 4 ®" o C /4 


where we use (2) and the fact that (0®i®") ^ o Z 2|42 ° ^sisl ° 4®^®^ = C/ 4 *^ by an 
argument similar to the one for (1). □ 


Proposition 6.2.2. Let a.\, 0 x 2 , o.nd 03 be the eigenvalues of ip acting on the 
? 7 “”, 77 ^”, and -eigenspaces, respectively, of the crystalline Dieudonne module 
Dyris{p\GpJ- ThenUl andUf act on HomGL 3 (o„) (4: tp) by a^^i) and as(i)as( 2 )/p, 
respectively. 

Proof. This follows from Theorem 1.2 of [BLGGTT^ and the Langlands correspon¬ 
dence for representations with vectors fixed by the pro-p Iwahori subgroup. □ 


Proposition 6.2.3. Given an OE-lattice L C T®Zp E, L is the sum of the satura¬ 
tions of each lattice with irreducible cosocle as described in Lemma 4 .1.1 of [EGSl^ . 

Proof. The image of this sum in L modulo we L since the Jordan-Holder factor 
a is in the image of the lattice with cosocle a. By Nakayama’s lemma, the image 
of the sum is L. □ 





















26 


DANIEL LE 


Remark 6.2.4. Assume that p is modular of type Ty and p\g^+ is irreducible. 
Then after possibly relabelling (a„, by,Cy) by ri(ay, by,Cy) in the notation following 
Proposition 2.2.2 we can assume that F(a„ — l,by,Cy + 1) S Wy{p) by Theorem 
7.5.6 of |EGH13j ~ As in Remark 6.1.3 we assume without loss of generality that 
p\j^ = where ij} = Wg” (c„+i) ^j^g g^j^gj. ga,se is symmetric 

(one has to use the opposite Hecke operators). 


Theorem 6.2.5. Let F be a CM field in which p splits completely. Let he its 
totally real subfield and assume that F/F~^ is unramified at all finite places. Let 
p : Gf ^ G1j^{Oe) be a Galois representation satisfying (M). Assume further that 

• p satisfies (RT); 

• for all plaees v'\p of F'^, p\p+ is a lattice in a potentially crystalline repre¬ 
sentation with Hodge-Tate weights (0,1,2) with tame type 77“”' ©ry*'”' ©77°”' 
where — by, > 6, by, — Cy, > 6, and Oy, — Cy, < p — 5; 

• for all places w\p of F, p\Fy, is irreducible with p\i^ = (B (B where 

• and its reduction p : Gf —>■ GL3 (/cb) satisfies (TW). 

Then the lattice (©„'T„'©Zp A)©?! C ®y'Tyi ® 7 ,y,E is isomorphic to a tensor product 
of lattices with factor at v given by 

+ (aia3/p)"^t^"(r'=) 

+ (a?a3/p)"^t^^(r’'i) + (a')"^ii('r^) + (a')”^''3('r^), 
where a' is the one of aia^/p and oi which has smaller valuation. 


Proof. Let 6 : Of he the map corresponding to p, defined as follows. Recall 


that by Remark 


4.1.6 


we chose a surjection 


Rg^. The composition of 


this map and the map Rg^ Of defining p gives a map 9 : i?oo Of- The 
images of the Hecke operators are given by Proposition |6. 2. 2] The map 9 : Roc —>■ 
Of factors through i?P® if and only if Mao{®v'Tf,)/ kei'{9) is nonzero. The space 
Mao{®y'Tf,)/ kei{9) is nonzero by Theorem 


4.1.4 


compatibility at p as in Theorem 1.2 of |BLGGT12 


By Proposition 6.2.3 the factor at v of the lattice 
form 


31, axiom (M), and local-global 
z A) n TT takes the 


f\pTy' ( 


+ (a®“)“^t®^(r®^) + (a®)“^7g^(T®) + a'ii(r^) + a"t2(T^) + a"'L{T^). 

3), the isomorphisms : RP^ Af. Moo(t^) chosen in Sec- 


By Prop osition 
tion 


6.2 


4.1.4 


induce identifications Horn 


n „ 


: RP" 

^v'^yT.^! , ir) 


Of via ®eOE and 


Schikhof duality. 

By Lemma [6. 2. 1[ the map 

Of = Homj^^, , tt) Homj^^, A ® ®v'^vtA ,f)'^Oe 

induced by is multiplication by aia^lp] and so a® = aiot^/p. The values for 
, and are obtained similarly. 

We deduce that a" can be taken to be 1 by Proposition 5.3.4 By Proposition 
|5.3.5[ for i = 1,3, either the map 


(6.2.1) 


Horn 


n„/ kf a 


^v'^yrA , tt) Homj^^, 




r) 
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or the map 

(6.2.2) Homn^ 


K^, (e* 0 ®v'^vTy , tt) (t®” 0 ®v'^vTlf , tt) 


is an isomorphism. As the maps and 6®J factor through 6^, we see that a' 
and a"' can be taken to be one of ai and aia^jp. Finally, val(Q;') = val(a"') < 
val(ai), val(aia 3 /p) since the maps in (6.2.1) and ( |6.2.2 ) are given by elements of 
Oe- We conclude that a' and a'" can be taken to be the one of ai and aia^jp 
which has smaller valuation. □ 
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